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Abstract. Since process measurement data inevitably contain random or gross errors, it re-
quires reconciliation. Dynamic data reconciliation methods have limitations in handling. 
Based on the robust estimation principle, a new robust estimation function is proposed in this 
paper. With its advantages in mathematic concepts and parameter adjustment, it can reconcile 
and detect random and gross errors simultaneously. The dynamic data correction method for 
particle filter has the problem of particle shortage. The combination of robust estimation and 
particle filter is used to update the particle weight by means of a robust function. Moreover, 
the particle filter can increase the particle confidence and avoid the degradation of particles 
in the dynamic processes. The efficiency of the proposed approach is proved by the results of 
simulation performed on CSTR system.
Keywords: dynamic data reconciliation; robust estimation; particle filter; robust estimation 
function; process model CSTR.
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ticle filtering in dynamic data reconciliation, but robust 
estimation can effectively restrain the anomaly point and 
realize data reconciliation and significant error detection 
synchronously. In this paper, robust estimation and par-
ticle filter are combined to form two particle filters by 
means of a double robust estimation of particle weights. 
This improves the availability of particles and effectively 
avoids the phenomenon of particle scarcity. The CSTR 
model simulation results prove the effectiveness of this 
method.

Basic material.

 1. Robust estimation

  1.1. Robust estimation principle
Robust estimation is based on the theory of data re-

gression. It can directly construct an unbiased estimation 
function, which is insensitive to certain deviation condi-
tions, realizes synchronization of data reconciliation and 
significant error detection and obtains better coordina-
tion results. In the robust estimation theory, the Influence 
function [6] is a very important index function, which 
can express the importance of various deviations in the 
estimation function. It is defined as follows:
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where ξ0 is the center of δ(ξ – ξ0), which is the parti-
cle distribution function; T is a robust function, and f is 
{ξ1, ... ξn} which obeys a distribution function. The effect 
function of a robust estimator is bounded when ξ0 tends 
to infinity. The impact function [6] defined at data point i 
is:
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where ρ represents the target function, and ξi indicates 
the measurement error at data point i. In robust estima-
tion, the union weight function [6] is another important 
function expressed as follows:
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For the constraint adjustment of the model, the 
smaller the weight function of the data point, the more 
adjustment of the target function to the data point needs 
to be performed.

By analyzing and comparing the influence function 
and the weight function, we can construct the robust es-
timation function which meets different requirements. In 
data reconciliation and significant error detection, the ro-
bust estimation function is used as the objective function, 
which is no longer sensitive to the data deviating from 
the ideal state, and thus achieves the requirement of data 
coordination and significant error synchronization.

Problem statement. The process measurement data is 
the direct basis of all modern factory process control, op-
timization, operation analysis and even management [1]. 
Therefore, accurate and reliable data measurement is the 
cornerstone of the modern industrial process. However, 
in the actual process of measurement, the uncertainty in-
troduced by measurement error, instrument malfunction 
and equipment leakage results in an unavoidable error in 
measurement data, including the random error and the 
gross error, which affects the accuracy and reliability of 
the data greatly. Data reconciliation and gross error de-
tection are collectively referred to as data rectification.

The purpose of data reconciliation is to process the 
measurement data using the various redundant informa-
tion in the process, to minimize the impact of errors so 
that they meet the inherent energy balance, material bal-
ance and other relations of physical and chemical laws, 
to obtain the coordination value that is reasonable and 
close to the real value, and to estimate the unknown pa-
rameters [1]. At present, many existing data rectification 
methods are only applicable to steady-state data systems. 
However, the actual process is changing, and the steady-
state data coordination method applied to a dynamic 
system inevitably has some degree of deviation. There-
fore, it needs to have a data correction method suitable 
for dynamic systems. Dynamic Data correction technol-
ogy [2] is the process of developing a dynamic model as 
a constraint equation for data rectification; the dynamic 
system model can describe the essential characteristics 
of the system.

At present, the research focus on the data correction 
technology includes two aspects [3]: implementation of 
data coordination and significant error detection in step 
or simultaneously. The essence of the second aspect of 
the study is introduction of the robust estimation theory. 
The robust estimation [4] algorithm has a good coordi-
nation effect, but there are some parameters with am-
biguous physical concept, which complicates parameter 
regulation and the algorithm’s practical application. The 
method of particle filtering [5] is a nonlinear filtering al-
gorithm based on the Bayesian estimation theory. It does 
not constrain the probability density of state variables, so 
it becomes an optimal filter in estimation of non-Gaussian 
nonlinear systems and has acquired widespread applica-
tion. However, the particle filter has a certain limitation 
in the field of data correction because of the phenomenon 
of particle scarcity.

According to the principle of robust estimation and 
robust function design, this paper presents a design of 
a robust estimation objective function, which has a defi-
nite mathematical concept, simple parameters and easy 
adjustment. Particle scarcity [8] poses a problem for par-



 2. Dynamic data correction
Dynamic data correction technology is the process 

of developing a dynamic model as a constraint equation 
to data rectification. The dynamic system model can de-
scribe the essential characteristics of the system, usually 
represented by a time-varying state variable function. 
Therefore, the dynamic model is most suitable to describe 
the industrial process. The dynamic data correction tech-
nique utilizes the redundancy of time, data reconciliation 
and significant error of the data collected at every point of 
time. In recent years, the data rectification technology of 
non-linear dynamic systems has been paid much attention 
in the research conducted by many scholars. In general, 
the nonlinear dynamic data correction can be described 
by the optimization problem as follows [3]:
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where c indicates the current moment, k stands for the 
time of sampling, and ∑ is the covariance matrix. Its di-
agonal element is σi

2, while most non-diagonal elements 
are 0. Further on, ˆ( )x t  is the estimated function, while 
ˆ( )kx t  is the estimated function value at the tk moment, 
and ( )kx t  is the measurement value at the tk moment; t0 is 
the initial moment, tc is the current moment; f is the dif-
ferential constrained equation, h is equality constraints, 
g is inequality constraints, which includes the upper and 
lower bounds of the variable.

Formula (8) indicates that the key to solve the prob-
lem of dynamic data rectification is to estimate the mini-
mum deviation from the measured value under the con-
dition of conforming to the dynamic model equation or 
unequal constraint. The dynamic data correction problem 
expressed in formula (8) is also a constrained optimiza-
tion problem of the dynamic model.

3. Dynamic data rectification based on the robust 
estimation and particle filter

Particle filtering [5] is a Bayesian filtering algorithm 
based on the Monte Carlo method, which transforms 
the integral operation of a Bayesian algorithm into the 
summation of finite sample points and uses the Monte 
Carlo method of sequential importance sampling. The 
biggest problem in this method is particle scarcity. Over 
time, important weights may become concentrated on 
a small number of particles, which cannot effectively 
represent the posterior probability density function. The 
resampling algorithm is an effective method to solve this 

  1.2. Robust estimation function
Based on the robust estimation theory, the robust 

target function ρ(x) is close to the least squares objec-
tive function 0.5x2 when x → 0, and dρ(x)/dx should be 
a bounded quantity when x → ∞, particularly expressed 
as follows [7]:
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where x indicates the standard error, ( )x x− /σ, 
while σ indicates standard deviation of measurement; c is 
a constant with the value c ∈ [0, 1], which guarantees that 
the influence function is a value between 0 and 1, achiev-
ing the effect of suppressing the anomaly error in x → ∞. 
Therefore, a series of robust estimation functions can be 
constructed based on the influence function [7]. Formula 
(4) is obtained by means of the following points:
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In this paper, the robust estimation function is ex-
pressed in the following way:

2( ) (1 )x xx e x e cxρ − −= + − ,                  (6)

where c is a positive tunable parameter; when e–|x| closes 
to 1 in x → 0, the expression is approximately x2, and 
when e–|x| closes to 0 in x → 0, the expression is approx-
imately cx. Thus, c reflects the properties of the influ-
ence function in x → 0. When c is too large, the effect of 
suppressing the anomaly is not sufficient; when c is too 
small, there may be a negative effect on the function. In 
order to achieve the effect of suppressing the anomaly 
error, the general range is c ∈ [0.2, 0.7]. Formula (6) is 
referred to as WRE (Wang Robust Estimator).

The effect function of the robust estimation function 
of formula (6) is expressed as follows:
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In order to analyze the properties of the WRE, the 
objective function, the influence function and the weight 
function are compared to the appropriate Mingfang 
Kong’s (Kong) and least squares (LS) functions. The 
comparison results are shown in Fig. 1, a – c.

As you can see from Fig. 1, that WRE robust estima-
tion function is closer to the LS target function in x < 1. 
The WRE influence and weight function demonstrate 
a fast downward trend in x > 1 , which not only inher-
its the LS property of small errors, but also reduces the 
effect of the target function on the anomaly error and 
shows a good characteristic.
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where c represents the current moment, σi represents the 
measure of standard deviation, ( )ix t  represents the ti- 
moment measured value vector, and ˆ ( )k ix t  is the variable 
coordination value of the k-particle in the ti-moment after 
data coordination. Further on, t0 indicates the initial mo-
ment, tc represents the current moment, and f represents 
the differential constraint equations. Finally, c indicates 
the adjustable parameter, which can affect the robustness 
of the function, since the robustness is inversely propor-
tional to it. The φ and η are equal to 0 when the coordi-

phenomenon. Its main idea is to resample the probabil-
ity density function represented by weighted particles, 
reducing the number of small weights and increasing the 
number of particles in the power value.

Aiming at the problem of particle scarcity in the 
dynamic data reconciliation of the basic particle filter, 
a dynamic data correction method based on particle fil-
ter and least squares estimation has been proposed by 
Guojing Yin [8]. The least squares estimator has no in-
hibitory effect on the anomaly point and is susceptible 
to anomaly interference. In this paper, the robust esti-
mation is integrated into the elementary particle filter 
operation, and the particle weights are twice updated by 
the robust estimation of the target function to realize two 
particle filters. The objective function of robust estima-
tion can restrain the abnormal data produced in the pro-
cess, guarantee the reliability of the particle weights to 
some extent, and synchronize the data reconciliation and 
significant error detection. The particle weight renewal 
equation is as follows [8]:

Fig. 1. Comparison of functions:
a — robust functions, b — impact functions, с — weight functions

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

1

2

3

4

5

6

standard error

In
flu

en
ce

 fu
nc

tio
n

 

 
LS
Kong
WRE

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

1

2

3

4

5

6

standard error

In
flu

en
ce

 fu
nc

tio
n

 

 
LS
Kong
WRE

-5 -4 -3 -2 -1 0 1 2 3 4 5

-2

0

2

4

6

8

10

standard error

R
ob

us
t 

fu
nc

tio
n

 

 
LS
Kong
WRE

c)

b)а)



are two state variables: C indicates the output concentra-
tion of the reactor, while T represents the output tempera-
ture of the reactor.

Based on the principles of thermodynamics and 
chemical kinetics, we can establish the system of differ-
ential mass and heat equations. The equilibrium relation-
ship of the CSTR system model is expessed as follows 
[6]:

0( ) d
dC q C C KC
dt V

α= − − ,               (12)
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In the calculation, all the temperatures and concen-
trations are dimensionless and relative. The concentra-
tion reference value is set to Cr = 1.0 gmol.m –3, while 
the temperature reference is Tr = 100 K. The model pa-
rameters are shown in Table 1. The constraints are as fol-
lows:

0 < C, C0 < 20                           (13)
0 < T, T0 < 10

The continuous stirred tank system is an irrevers-
ible exothermic reaction. During the simulation, the ini-
tial temperature was 4.60, the initial concentration was 
0.1531, the sampling data were 100, and the sampling 
interval was  . The number of random particles was  . At 
the 30th time of sampling, the feed concentration was 
changed from 6.5 to 7.5. The mean value of input and 
output is zero. The standard deviation is 0.05 times the 
normal distribution noise of the corresponding steady-
state value. These data will be used as the measurement 
data for each variable.

Random errors. The results of data correction for the 
reaction’s concentration and temperature as for random 
errors are shown in Fig. 3.

nation value is optimal. By using these equations, two 
updates to the particle weights can be achieved.

The method of dynamic data correction for robust 
estimation and particle filter implementation proceeds as 
follows: first sampling of the initial n particle, update of 
the weights, normalization of the weights, resampling, 
estimation of the value of the elementary particle filter. 
Then, the coordination value derived from the elementa-
ry particle filter is used as the predictive value. Together 
with the observed value, it is substituted to the robust 
objective function, and the weights update the equation. 
The particle weights are twice updated and then normal-
ized. Afterwards, resampling is carried out, and double-
filtered are used to estimate better coordination values. 
Then the procedure is repeated. Here are the detailed 
steps of the procedure [8].

Step 1. For i = 1, ..., N, new particles ( )i
tx  are sam-

pled, which are based on 1tx −  and ( ) ( ) ( )
1~ ( | , )i i i

t t t tx q x x y− , 
ωi = 1/N.

Step 2. According to the difference between the ob-
served value and the predicted value and the posterior 
probability density function, the weights of each particle 
are obtained, updated and then normalized.

Step 3. Resampling implies removing the low-weight 
particles while preserving the high weight ones to pre-
vent particle degeneration and state estimation.

Step 4. The coordination value estimated in step 3 to-
gether with the predicted and measured values are sub-
stituted into constraint equation (10) and formula (11). 
The corresponding results are updated by the weights; 
the weights of the particles are updated twice and then 
normalized.

Step 5. Resampling involves removal of the low-
weight particles while preserving the high-weight ones 
to prevent particle degeneration and state estimation to 
derive a new weight.

Step 6. Better coordination values are calculated by 
using the particles with new weights.

Step 7. The calculation of the particle and the cor-
responding weights is substituted into step 2, then 
steps 2 – 6 are repeated to obtain the coordination of all 
particles.

 4. Simulation example
The continuous stirring tank reactor is abbreviated to 

CSTR. The system reactor is one of the most widely used 
reactors for polymerization. In the processing industry, 
the system is a highly nonlinear chemical reaction sys-
tem [6]. The appropriate CSTR system model is shown 
in Fig. 2.

In Fig. 2, there are two input variables: C0 represents 
the feed concentration of the reactor, and T0 indicates the 
feed temperature of the reactor. Correspondingly, there Fig. 2. CSTR system model

C,T

C0 ,T0
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where xtr indicates the true value, x̂  indicates the rec-
onciliation value, and tf indicates the time of sampling, 
which is the number of the measurement data. A smaller 
the RMSE value indicates that the reconciliation value is 
closer to the true value and thus more accurate.

Table 2 shows that the root mean square error of the 
simulation results of the combination of the basic par-
ticle filter and the WRE estimation has the smallest value 
for the cases with random errors, which indicates that it 
has good reconciliation performance.

In the graphs, LPF stands for the reconciliation re-
sults of the combination of the basic particle filter and 
the LS estimation algorithm, KPF represents the com-
bination of the basic particle and the KONG estimation, 
and WPF represents the combination of the basic particle 
filter and the WRE estimation algorithm. This is data on 
100 samples. In order to be more clear in the comparison 
of the three cases of correction, we use the measure of 
root mean square error. The root mean square error of the 
simulation results is presented in Table 2.

In order to compare the performance of various meth-
ods, let us implement the root mean square error (RMSE) 
indicator defined as follows [8]:

Table 1. Dynamic model parameters
y p

Parameter Value Unit Parameter Value Unit 

q 51.0e− 3 /m s RA 31.0e− 2m

V 31.0e− 3m cT 340.0 K

rHΔ 51.13049 10− × /J mol 0K 127.86 10× 1s−

ρ 1.0 3/kg m AE 51.17151 10× /J mol

pC 4187 ( ) 1J kg K −⋅ dα 1.0 -

U 20.935 ( ) 12J m s K
−

⋅ ⋅ RA 61.0e− -

Fig. 3. Data reconciliation results for:
a — reaction concentration, b — for reaction temperature
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Table 2. Data correction root mean square error

Estimation method Root mean square error of concentration Root mean square error of temperature
LS 0.0103190 0.0079112

KONG 0.0083568 0.0076741
WRE 0.0063038 0.0069365



CONCLUSIONS.  Based on the principles of robust 
estimation and the method of robust estimation func-
tion design, this paper presents a new robust estimation 
function. In order to solve the problem of particle data 
shortage, the authors propose the dynamic data correc-
tion method, which combines robust estimation with par-
ticle filter. The objective function of robust estimation is 
used to update the weights of the particles twice to real-
ize the secondary particle filtering. It has a good effect 

the LS estimation algorithm, KPF represents those for 
the basic particle and the KONG estimation, and WPF 
represents those for the basic particle filter and the WRE 
estimation algorithm. This is also 100 sample data. The 
root mean square error of the simulation results in the 
three cases is shown in Table 3.

Table 3 demonstrates that the root mean square error 
of the simulation results of the combination of the basic 
particle filter and the WRE estimation is the smallest for 
the cases with outliers, which indicates that it has a good 
reconciliation performance.

Inclusion of outliers. In order to verify the data 
correction ability of the three kinds of particle filtering 
methods in case of significant errors, let us add outliers 
to the measured data and set outliers at time points of 5, 
25, 40, 60 and 90, respectively. The outlier magnitude 
is 0.15 for the measured concentration and 0.8 for the 
measured temperature. The fata reconciliation results of 
the reaction’s concentration and temperature with outli-
ers are shown in Fig. 4.

In the graphs, LPF represents the reconciliation re-
sults of the combination of the basic particle filter and 

Fig. 4. Data reconciliation results:
a — for concentration outliers, b — for temperature outliers
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Table 3. Data correction root mean square error

Estimation method Root mean square error of concentration Root mean square error of temperature
LS 0.010433 0.0096892

KONG 0.0095509 0.0094394
WRE 0.0057831 0.0075059

of suppressing the abnormal point data and effectively 
improves the availability of the particles. To some ex-
tent, the phenomenon of particle degeneration existing in 
the process of dynamic data reconciliation by means of 
particle filters is avoided. Through the simulation of the 
CSTR system model and comparison with the particle 
filter based on LS and KONG estimation, the particle fil-
ter with WRE estimation is selected as the one having the 
optimal reconciliation effect.
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